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Abstract: For several decades vibratory pile driving has been extensively applied in civil
engineering, e.g. in the construction of bulkheads. On urban construction sites shock waves
occur which could damage nearby building structures and annoy humans. State-of-the-art
machinery provides three control inputs (frequency, excitation force and surcharge force) to
achieve two almost contradictory goals: fast pile penetration and shock stress below given
limits (e.g. by DIN 4150). A nonlinear model explains the impact of all three control inputs
on the quasi-stationary pile movement, such as penetration rate and oscillation amplitude.
A fuzzy conntroller based on quantitative model-derived relations between control inputs
and penetration rate is designed and implemented. In a second step the fuzzy controller is
extended by an shock-stress limiting component
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1 INTRODUCTION

In the following we refer to the pile driving system
as shown in Fig. 1. Pile head and vibrator are rigidly
connected. They resemble a rigid body with mass

md = me +mp. (1)

A vibration isolated guide block allows the application
of an additional surcharge load. Altogether we have
the surcharge load

Fa,g = Fa +mdg. (2)

Inside the vibrator unbalanced rotating masses gener-
ate a harmonic oscillating, vertical excitation force

Fe(t) = F̂e sin(Ωt+ ψ). (3)

Pile oscillation often decreases shaft friction and
thus eases penetration. An irreversible motion down-
wards is induced by the surcharge load depending on
the sum of all soil reaction forcesFb.

Increasing penetration depth and different soil lay-
ers are constantly changing the system behaviour.
These changes could be tracked by varying the con-
trol inputs (Ω, Fa, and F̂e) to maximize penetration
rate and limit shock-stress in the environment.

2 PILE DRIVING PROCESS

2.1 Dynamic of Rigid Bodies

The system of Fig. 1 has two degrees of freedom.
For a sufficient small observation period and steady
state oscillation the position of the guide block can de-
scribed as

y(t) ≈ vt, (4)

Figure 1: Pile Driving System.

wherev is the penetration rate. For the elongationx
from the position of equilibriumxe,0 the principle of
D’A LEMBERT yields

mdΩ2x′′ + dfΩx′ + cfx+ Fb(z, z′) = Fa,g + Fe(τ).
(5)

Fb shall depend on the absolute position and velocity

z = x+ y, z′ = x′ + y′. (6)

τ = Ωt is a dimensionless time and “’” denotes “ddτ ”.
Solutions of eq. (5) can be subharmonic or even
chaotic [1][2]. In this paper we are only interested in
2π-periodic solutionsx(τ) and therefore considerFb
also to be2π-periodic. Averaging both sides of eq. (5),
we get

Fa,g =
1

2π

∫ 2π

0

Fbdτ. (7)



This equation describes implicitly the influence of the
surcharge load on steady-state oscillations governed
by eq. (5).

2.2 Pile Motion & Interaction with Soil

A typical pile motion cycle is shown in Fig. 2.
A motion downwards is followed by a motion up-
wards. Reversal of motion occurs at positionszi, i =
1, . . . , 3. At z1 the pile tip shall have no soil contact.
It hits the soil atz+ and untilz2 soil deformation and
displacement takes place. Betweenz2 andz− the soil
is relaxed and the tip looses contact. Certainly tip/soil-

Figure 2: Pile motion cycle.

interaction can also take place without soil contact
loss. Different motion types with respect to the soil
resistance have been identified [3][1][4]. According to
[4] we distinguish:

• slow vibratory pile driving: reversal of motion
occurs, the soil is relaxed completely, resistance
at tip is small compared to penetration by press-
ing.

• fast vibratory pile driving:reversal of motion oc-
curs; soil is not completely relaxed; resistance at
tip is larger compared to slow vibratory pile driv-
ing.

• pulsating vibratory pile driving:no reversal of
motion; resistance at tip is larger compared to fast
vibratory pile driving.

It is justified to assume periodic solutions of eq. (5) to
be approximately harmonic [5], i.e.

x(τ) ≈ x̂ sin(τ). (8)

With the definition of anormalized penetration rate

ν =
v

Ωx̂
, v ≥ 0 (9)

we can write

z(τ) ≈ x̂(sin τ + ντ). (10)

For 0 ≤ ν < 1 we have slow or fast pile driving,
andν ≥ 1 indicates pulsating vibratory pile driving.
Furthermore we define asoil contact index

κ =
z2 − z+

z2 − z1
, for z+ ≥ z1, (11)

to detect slow (κ < 1) and fast (κ = 1) pile driving.

3 SOIL MODEL

Modeling the soil reactions, we use the formulation

Fb(z, z′) = M(z) + S(z) + dΩz′. (12)

M corresponds to shearing stress at the shaft.S
describes the stress behaviour of the soil under the tip.
Wave radiation at shaft and tip is taken into account by
a linear viscous damping termdΩz′.

3.1 Shaft Friction

The shaft friction force can be modeled with

M ′ = αz′
(

1− M

Mmax
sign(z′)

)
. (13)

This is a simplification of a model proposed in [4].
Mmax andα are model parameters.Mmax is the ab-
solute value of the totally mobilised friction force. The
ratio α

Mmax
determines the slope ofM(z) with respect

to z. In the limit α
Mmax

→ ∞ eq. (13) represents
COULOMB-friction.

3.2 Tip Force

We assume, that the soil under the tip has ideal elas-
tic and plastic properties. This leads to

S(z) = Smax


z−z+

∆z ; z+ ≤ z < z+ + ∆z
1 ; z+ + ∆z ≤ z < z2

z−z−
∆z ; z− = z2 −∆z ≤ z ≤ z2

0 ; else

.

(14)

Smax and ∆z are model parameters. When the tip
force reachesSmax plastic deformation starts. The
elastic stiffness is given bySmax∆z .

4 PENETRATION RATE

From eq. (9) we get the penetration rate as

v = νΩx̂. (15)

Solving eq. (5) with the method of harmonic balance
[6][7] gives Ω(x̂, ν). In general, a multi-valued func-
tion. For constant (̂x, ν) always the largest frequency
Ω yields a maximal penetration ratev.

In the following sections we discuss the impact of
phase shiftψ and soil contact indexκ on the pene-
tration rate using model parameters of tab. 1. They
depend both onf andFa,g, which will be shown in
sec. 4.3. The role of the excitation forcêFe will not
be discussed, because it is pretty obvious to use the
maximum available for optimal penetration1.

1Under the premise that the system response is not subharmonic
or chaotic.



Smax = 80 kN
Mmax = 20 kN

d = 20 kNs/m
α

Mmax
= 500/m

∆z = 1 mm

cf = 2 kN/mm
df = 10 kNs/m
F̂e = 45 kN
md = 1200 kg

Table 1: Parameter set used for fig. 3–5.

4.1 Impact of Phase shift

As shown in fig. 3, the maxima ofv with respect to
ψ are near the backbone curve (ψ = 90◦). For larger
soil contacts the maxima are connected with phase
shifts slightly larger than90◦. Phase shiftsψ < 90◦

should be avoided, because nonlinear jump phenom-
ena can occur in these region [8].

Figure 3: Penetration ratev vs. phase shiftψ.

4.2 Impact of Soil Contact

Fig. 4 illustrates the situation forψ =const,ψ ≥
90◦. The larger the soil contactκ the larger is the pen-
etration ratev.

Figure 4: Penetration ratev vs. soil contact indexκ.

4.3 Maximisation Strategy

Now we try maximize the penetration rate with re-
spect to the actual control inputs. Fig. 5 showsFa,g as
function off with v, ψ, orκ as parameter. We already
know, that we have to choosef andFa,g such that:

1. ψ ≈ 90◦, ψ ≥ 90◦ (e.g.90◦ ≤ ψ ≤ 110◦),

2. κ ≈ 1, κ < 1 (e.g.0.85 ≤ κ ≤ 0.95).

With f ≈ 25Hz andFa,g ≈ 60kN a penetration rate
v≈0.16 m

s could be achieved.
Fig. 5 is only valid for a short period of time. Due

to increasing friction and damping, we have to expect,
that the backbone curve (ψ = 90◦ is moving towards
higher frequencies. Therefore it seems reasonable to
give the control ofψ a higher priority than that ofκ.

Figure 5: Maximisation of penetration ratev.

5 SHOCK STRESS

Shock waves caused by vibratory pile driving, es-
pecially on urban construction sites, are problematic.
They can damage nearby building structures and an-
noy humans. Sensitive technical equipment is de-
stroyed or works faulty. This is the motivation for an
automatic shock-stress limitation, which allows max-
imisation of the penetration rate at the same time.

The prediction of transmission and propaga-
tion of shock waves is a quite complex subject.
Complete modeling of transmission paths (vibra-
tor/pile/soil/building/shock sensor) requires the esti-
mation or knowledge of a huge amount of param-
eters. Experience [9][10] shows, that prediction of
shock stress, in general, is tainted with large uncertain-
ties [11]. Furthermore the eigen frequencies of many
building elements can be found between 10 and 50Hz
[12]. A typical frequency range of vibratory pile driv-
ing machinery.

5.1 Appropriate Control Quantity

Criteria for shock stress are usually given by na-
tional standards (e.g. DIN 4150 Part3, BS 7385 Part 3,
SN 640 312a,. . .). They impose frequency-dependent
or constant limits on the vibration velocities at pre-
scribed measuring points.

In many cases, multiple shock stress signals
e1, . . . , en have to be monitored for a frequency range
[ωa, ωb]. With the corresponding limitsEi,max(ω), we
define themaximal shock stress

ε = max
i∈{1,... ,n}

{
max

ω∈[ωa,ωb]

(
|Ei(jω)|
Ei,max(ω)

)}
. (16)



Figure 6: Closed control loop with fuzzy controller.

Ei(jω) is the FOURIER-transformed ofei. Forε ≤ 1
no limit is exceeded.ε > 1 indicates, that at least one
limit is exceeded. E.g.ε = 1.2 means, that at least one
signal is 20% larger than allowed.

5.2 Limitation Strategy

If we are near the limits or, even worse, already be-
yond the permissible, then control input changes must
not increase shock stress. Modeling of multiple trans-
mission path seems in general to be not viable. We
make only one, quite general, assumption: on every
transmission path there is, to some degree, dissipation
of energy. The energy put into the whole is bound
by the excitation forcêFe. That leads to rather sim-
ple strategy: to decrease shock stress we decreaseF̂e
and vice versa. This approach seems to be trivial, and
we have to expect̂Fe = 0, i.e. the vibrator will be
switched off. But in conjunction with the strategy of
sec. 4.3 it will prove its power.

6 FUZZY CONTROLLER

Fig. 6 shows the fuzzy controller [13][14] in the
closed control loop. It works time discrete with∆T ≈
1s.

6.1 Inputs/Outputs

From the physical measurements the following con-
troller inputs or control quantities were computed:

• maximal shock stressε (eq. (16)),

• index to detect period doublingβ [5],

• phase shiftψ,

• and soil contact indexκ (eq. (11)).

The outputs of the controller are changes of frequency
∆f , static load∆Fa and excitation force∆F̂e.

6.2 Knowledge Base

Maximum penetration rate and limited shock stress
are in general contradictory goals. Shock-stress limita-
tion must have precedence over all other control goals.
Resolution of this conflict is done by a priority list:

1. shock-stress limitation (ε ≤ 1).

2. avoidance of damages to machinery (β ≈ 0).

3. large oscillation amplitudêx (ψ ≈ 90◦).

4. slow vibratory pile driving with maximal pene-
tration ratev (κ ≈ 1, κ < 1).

control input control quantity

f , Fa, F̂e ε β2 ψ κ

f ↑ – ↘ ↗ –

f ↓ – ↗ ↘ –

Fa ↑ – ↘ ↘ ↗

Fa ↓ – ↗ ↗ ↘

F̂e ↑ ↗ ↗ – –

F̂e ↓ ↘ ↘ – –

Table 2: Relations between control inputs and quanti-
ties (“–“ not used).

The quantitiesε, β, ψ andκ are controlled byf , Fa
andF̂e using the relations listed in tab. 2.

6.3 Design and Tuning

We formulated rule bases consisting of “IF. . .
THEN . . .”-rules for each controller output. Not
shown in fig. 6, we use additional inputs:∆ε(t) =
ε(t)−ε(t−∆T ) and∆ψ(t) = ψ(t)−ψ(t−∆T ) [15].
The fuzzy partitions consist of 5 (ε), 4 (∆ε), 2 (β),
3 (ψ),3 (∆ψ), and 3 (κ) primary fuzzy sets. For the
output ranges of∆f , ∆Fa, and F̂e fuzzy-singletons
are used. The rule bases contain 28 (β ψ-control), 20
(β, ψ, κ-control), and 39 (β, ε-control) rules.

Fuzzy inference is performed with the algebraic
product as conjunction and implication operator. Rule
accumulation is done with the algebraic sum and de-
fuzzification with the COS method [14]. For tuning
purposes each controller output can be scaled by a fac-
tor.

7 RESULTS

Three different piles and two shock sensors (mea-
suring inx−, y− andz−direction) were used in large-

2Relations concerningβ are taken from [2] and [5].



scale experiments at our test site near Karlsruhe [16].
Parameters for the results presented below are listed in
tab. 3.

me = 1200 kg pile: tubular steel (diam. 10/12cm)

f = 20 . . . 40 Hz with solid cone tip;mp=195kg

Fa = 0 . . . 25 kN soil3:sand (depth <3–4m),

F̂e = 0 . . . 47 kN pebbles (depth >3–4m)

Table 3: Large-scale experiment parameters.

7.1 Maximisation of Penetration Rate

Fig. 7a shows penetration depth vs. time of several
experiments with constant control inputs. Only with
30Hz a depth of 5m was reached after≈ 150s. Using
20Hz, the process got stuck≈ 4m, and with 40Hz not
even 2m were achieved.

(a) without automatic control

(b) with automatic control

Figure 7: Depth vs. time in experiments without (a)
and with (b) automatic control.

Fig. 7b shows the corresponding results using auto-
matic control. The initial values of the control inputs
were the same as in fig. 7a. In each case a depth of 5m
was reached faster.

3Details about soil are given in [4] and [5].

7.2 Shock-Stress Limitation

Shock stress on the ground was measured 6m (sen-
sor I) and 12m (sensor II) apart from the pile. Fig. 8
shows the results of an experiment with in compar-
ison to a corresponding experiment without shock-
stress limitation. Without limitation, a depth of 5m
was reached after≈80s. At a depth of≈2.5m at least
one limit was exceeded by 40%. With limitation, only
minor excesses≈5% were detected and it took≈260s
to reach the final depth.

To prove the robustness of the controller one shock
sensor was mounted on a pedestal, which had very low
damped resonance frequencies at 19, 16, and 25Hz in
x-, y-, and z-direction [16]. As a “worst case” we
chose an initial frequency of 20Hz and maximal ex-
citation force. Thus the controller had to start near one
resonance frequency (19Hz) and to drive through an-
other (25Hz) in order to reach a depth of 5m.

In Fig. 9 the results are shown. Without limitation,
a depth of 5m was reached after≈ 80s. At least one
limit was exceeded by up to 700%.

With shock-stress limitation, the controller initially
had to decrease the excitation force to zero. That
stopped the driving process. Then the gradually in-
creasing excitation frequency came near the next res-
onance frequency (25Hz). Again, the excitation force
was decreased to zero (between 60s and 80s). How-
ever, at least one limit was exceeded by≈500%. After
150s the resonance frequency (25Hz) was finally left
behind and the pile was driven≈3.5m in≈80s

In this worst case, the controller could not prevent
significant limit excesses. The first excess at the begin-
ning was inevitable. Because the initial frequency and
excitation force were chosen inappropriate. During the
second, the controller drove through an unknown res-
onance frequency (25Hz) with an excitation force of
zero, i.e. the vibrator was practically switched off. But
in reality, due to manufacturing tolerance of the vibra-
tor, there was still a small excitation force (≈ 2kN) ac-
tive. Which was enough to excite the very low damped
pedestal carrying one shock sensor.

8 CONCLUSIONS

It has been shown that the vibratory pile driving pro-
cess can be optimized using an automatic controller
with respect to the penetration rate and environmen-
tal shock stress. A very simple shock stress limita-
tion strategy performed reasonably well, even in worst
cases. For further developments, it will be necessary to
have a more powerful prototype, which could be used
on real construction sites.
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Figure 8: Depth, maximal shock stress and control inputs (EI,max = 8 mm
s , EII ,max = 6 mm

s ).

Figure 9: Depth, maximal shock stress and control inputs in a “worst case” (EI,max = 12 mm
s , EII ,max = 12 mm

s ).
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