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Abstract: One of the traditional problems of the walking robot moving in 3D environment is how to 
negotiate the boundary of two plain surfaces, which may be convex or concave. In this paper the 
planning method in the transition region of the boundary is proposed in terms of geometrical view. In 
each case such as concave and convex, the trajectory that robot moves along has to be determined and 
the foot positions of the robot associated with the trajectory has to be estimated. The trajectory of the 
body is derived from the geometrical analysis of the relationship between the robot and the 
environment. And the position of each foot is estimated by using parameter associated with the hip 
and the ankle of the robot. The validity of the proposed method is demonstrated through simulations 
and experiments are performed in the concave and convex environments with limited slope angle. 
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1. INTRODUCTION 
 
Up to now, applications of robots have been 
continuously discussed in the inspection of industrial 
utilities such as nuclear plants, oil refinery, chemical 
plants, buildings, bridges, etc. The tasks for the 
applications, in general, accompany hazardous 
working environments as well as difficulties in 
accessibility. The walking robot can be suggested as 
one of solutions to cope with these situations and it is 
required to possess the capability of traveling in 
three-dimensional environments, different from the 
general types of walking robots as shown in Fig. 1. 
Though the environments are composed of primitive 
geometrical shapes, the robot basically should be 
able to move such as ground to wall, wall to wall and 
wall to ceiling, etc. Thus the robot is strongly 
demanded to walk as well climb on the wall with a 
special adhesion tools such as suction, magnetic foot 
etc. and a dedicated gait planning method to move on 
the environment. 
Many researches have been studied on this subject up 
to now. Hirose et al. have addressed algorithms that 
generate trajectories of a body and foot positions in 
the horizontal plain and efficient gait planning 
algorithm that can be applied to walking on the slope 
and the wall considering the effect of gravity [1-5]. 
Shaoping et al. have proposed the algorithm to 
generate free gait combined with the trajectory of the 
body in three-dimensional terrain [6-8]. Mohammed 
et al. have studied a walking algorithm and the 
mechanism of the robot to walk in the general terrain 
consisting of horizontal, inclined and vertical plain 
[9]. Alsalam et al. have studied transition gait from 
the horizontal plain to the vertical one [10]. Junmin 
et al. have proposed a transition gait to walk from 
one slope to another slope and proposed a method of 
estimation  for the turning angle of the body 

[11][12]. 
As one of the comprehensive work for the movement 
in the three-dimensional environment, we propose a 
gait planning algorithm for the transition movement 
crossing the slope boundary in this paper. In this 
work it is addressed how to generate appropriate 
trajectories of the body for moving on the concave 
and convex slope, and the method of determining the 
positions of feet in accordance with the movement of 
the body. Simulations are carried out for hill with 
concave and convex boundary to prove the validity 
of the proposed algorithm and experiment is 
performed with a wall climbing robot called 
MRWALLSPECT III [13]. 
 

 
Fig. 1. Navigation in three-dimensional environment 

 
2. MODELS OF ROBOT AND 

ENVIRONMENT 
 

As depicted in Fig. 2, the leg consists of three links 
L1, L2, L3 and passive joint ankle with yaw, pitch, roll.  
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Fig. 2. Leg Structure 

 
The height of foot is hf and the position of foot is 
determined by controlling ankle position in ΣL which 
is leg frame. Therefore the workspace described in 
Fig. 2 expresses the area that ankle can reach in zx 
plain of SL. The workspace is expressed as 

 
2 2 2 2 2

1( L )x y z+ − + = ϒ        (1) 
 

where U is distance between leg joint 2 and ankle and 
x, y and z are coordinate values of ankle in SL.  

 
Fig. 3. Robot structure 

 
The Fig. 3 shows robot structure that its frame SB 
which is located in the middle of rear hip joints and 
the center of front body is FB. The length of robot 
body is Xf and the width of front body and rear body 
is Yf and Yr respectively. The pose shown in Fig. 3 is 
basic form that robot repeats every gait in plain. Two 
parameters of the basic form, U of each leg and the 
distance h between OB which is origin of SB and 
plain which ankle is in contact with are utilized as 
reference values in transition gait. The transformation 
matrix from SB to SLi (i=1,2,3,4 leg number) is 
expressed as 
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  (2) 

 
Three-dimensional environment consists of plains 
which are angled each other. This is slope 
environment including convex, concave, wall and 
cliff. To simplify problem, the case that the direction 
of robot is perpendicular to slope boundary is 
considered. Let P1f be first plain that the robot is 
present in and P2f be second plain that robot will 
moves on. In transition gait, P1f and P2f are 
expressed as 
 
 1 1 1 1: sin cosf fx zγ γ η∏ + =          (3) 

 
2 2 2 2: sin cosf fx zγ γ η∏ + =        (4) 

 
where g1 and g2 are inclined angles of  P1f  and 
P2f in SB respectively, h1f and h2f are oriented 
distance from SB to Π1f and Π2f respectively. Π1f and 
Π2f are plains that the foot of robot contacts directly. 
As the position of foot is determined by controlling 
ankle position, the plain that moves parallel by foot 
height hf is more useful in gait controlling. Π1 and Π2 
are the plains that moves parallel by hf  from Π1f  
and Π2f respectively and expressed as 
 

1 1 1 1: sin cosx zγ γ η∏ + =       (5) 
 

2 2 2 2: sin cosx zγ γ η∏ + =       (6) 
 

where h1 and h2 are obtained by adding h1f and h2f 

respectively. 
 

3. GAIT ALGORITHM 
 
In transition of slope boundary region, gait planning 
is constructed with two part. One is determining SN 
which is next SB after one gait and the other is 
determining foot positions. SN is obtained by 
applying tp to body trajectory and tp is moving 
quantity of body. After obtaining SN , foot positions 
can be determined by applying U of basic form in SN. 
In transition of slope boundary region, foot position 
is not repeated in SB after gait, but U of each leg is 
same in SB after gait. This gives consistency to gait 
during transition. 
 
3.1 Body Trajectory and Movement 
 
Body trajectory is classified into two kind of 
trajectory. One is concave trajectory, the other is 
convex trajectory. Both concave and convex 
trajectories are constructed with lines and arc. Lines 
are determined by applying 0 to y-axis value in Pif 
(i=1,2 plain number) which is moved parallel by h 
from Pih along z-axis in SB. P1h and P2h are 



expressed as 
 

1 1 1 1: sin cosh x z hγ γ η∏ + = +  (7) 
 

2 2 2 2: sin cosh x z hγ γ η∏ + = +  (8) 
 
The radius of arc is determined by g, h, d. g is 
oriented angle of slope about y-axis in SB and d is 
marginal distance between ankle and boundary line 
of Π1 and Π2 when the transition gait is started or 
completed. The relation of g1, g2  and g is follow: 
 

2 1γ γ γ= −   (9) 
 
Eq. (10) and  (11) describe radius R of the arc of 
body trajectory in concave and convex slope 
respectively. Fig. 4 and Fig. 5 show the body 
trajectory of concave and convex slope respectively. 
PS is the start point of transition gait and PE is end 
point of transition gait. The beginning condition of 
transition gait is the coincidence of FB and PS and the 
completion condition of transition is the coincidence 
of OB and PE. 

2tan
dR hγ= −         (10) 

 

2tan
dR hγ= +         (11) 

 
 

 
Fig. 4. Body trajectory for concave slope 

 

 
Fig. 5. Body trajectory for convex slope 

 
In concave transition gait, situation is classified into 

four cases when OB and FB moves along body 
trajectory. As shown in Fig. 6, case I is the situation 

that OB is on P1h and FB is on the arc. The position of 
ON which is the origin of SN is determined by Eq. 

(12). If ∥PS∥is less than tp, PS is ON. FN that is the 

center of front body in SN is determined whether on  
� �

�

� ��

� ��

��

��
� �

� 	

 � 
 �

 �
 �

��

�
�

�
�

 
Fig. 6. Case I of concave transition 

 
the arc or P2h by comparing ∥PE − ON∥ with Xf. 
When ∥PE − ON∥ is bigger than Xf , FN on the arc is 
estimated by the condition of Eq. (13) or as shown in 
case II of Fig. 7, FN on P2h is estimated by the 
condition of Eq. (14). 
 

S
N p

S

t=
P

Ο
P

              (12) 

 
N R R− =F P  

N N fX− =F O            (13) 
 

2 2N h hη⋅ = +nF   

N N fX− =F O            (14) 
 
where n2h is normal vector of P2h, 

[ ]T2 2 2sin 0 cosh γ γ=n . 
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Fig. 7. Case II of concave transition 

 

Rθ  that is the orientation angle of SN is the rotation 
angle about y-axis and estimated by Eq. (15). 
 

ˆatan2(( ) , ( ) )
2R N N N Ni k πθ = − ⋅ − ⋅ −$F O F O    (15) 

where [ ]T1 0 0i =$  and [ ]Tˆ 0 0 1k =  

 
In the case III and case IV, ON is determined by 
being moved from OB with tp along the arc. If the arc 
length from OB to PE is less than tp, ON is PE. The 
position vector ON is estimated by being rotated from  
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Fig. 9. Case III of concave transition 

 
OB with pθ  of Eq. (16) centering around PR which 
is the position vector of PR. The result is found in Eq. 
(17). 
 

p
p

t
R

θ = −               (16) 

 
( )( )N R Y p Rθ= + −O P R P         (17) 

 
where RY( pθ ) is the rotation matrix about y-axis. 

As Rθ is equal to pθ  in the case III, FN is 

estimated by adding  X f i$ rotated by RY( pθ ) to ON 
as shown in Eq. (18).  
 

( )N N f Y pX iθ= + ⋅ $F O R       (18) 
 

p
R

t
R

θ =                (19) 

where R is of Eq. (11) 
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Fig. 10. Case IV of concave transition 

 
In the case IV, FN is found in Eq. (14) and Rθ is 
found in Eq. (15). In the convex transition, the case 
considered is only one shown in Fig. 10. ON and FN 
are determined by interior division ratio of X f  with 
|g1 − Rθ | and |g2 − Rθ | . The interior division point 
PT2 is estimated by being moved with tp along arc 
from PT1 which divides B BO F with |g1| and |g2| ratio 
interiorly. The position vector PT1 is 

2
T

0 0fX γ
γ

⎡ ⎤⎣ ⎦  and PT2 is estimated by being 

rotated by Rθ of Eq. (19) from PT1 centering around 
PR which is the position vector of arc center in Eq. 
(20). ON and FN are found in Eq. (21). 
 

2 1( )T R Y R Tθ= +P P R P          (20) 
where 
       1

ˆ
R T Rk= −P P  

 

2
2

| | ( )R
N T f Y RX iγ θ

θ
γ
−

= − ⋅ $O P R
 

( )N N f Y RX iθ= + ⋅ $F O R               (21) 
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Fig. 11. Case of convex transition 

 
In convex transition gait, the collision between the 
bottom of robot body and the boundary edge of 
convex slope must be considered. Let Bt be the 
distance between xy plain of SB and the bottom of 
robot body and hm be the distance between xy plain of 
robot body and the boundary edge of slope, then it is 
clear that hm must be greater than Bt in order to avoid 
collision. The moment that hm has minimum value is 
shown in Fig. 11. In this moment, |g1| and |g2| are 
equal and the workspace of each leg has to have 
intersected area with Pi (i=1 to rear legs, i=2 to front 
legs). hm is found in Eq. (22) and when h is fixed, the 
condition is satisfied by adjusting d. 
 

2

2
2

1
tanm f

d dh R h
rγ

⎛ ⎞
= − − +⎜ ⎟

⎝ ⎠
        (22) 
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Fig. 12. Collision of convex transition 

3.2 Foot Position 
 
The foot position P on waling plain PW which is 



inclined by g about y-axis in SL is determined by 
applying U of Fig. 2 in SL. Let SW be the frame 
whose xy plain is coincident with PW. The origin of 
SW is located from the origin of SL by Wη Wn  and 

its y-axis is parallel with y-axis of SL. Let W P  be 
the description of P in SW, then the relation of P and 
W P  is described in Eq. (23). 

WL
WP = T P                (23) 

where 
( )

0 0 0 1
R Wθ η⎡ ⎤

⎢ ⎥
⎣ ⎦

WnL Y
W

R
T =  

 
From Eq.~(1), (23) with setting 

0W z = , we have the workspace area of leg on SW  
and the result is follow 

 
2 2 2 2 2

1 12L cos sin LW W W
W Wx y x γ η γ η+ + + = ϒ − −

 (24) 
 
W P is determined by giving W y  which is equal to y 
and P is estimated by Eq. (23). 
 
3.3 Synthesis of Body and Foot Position 
 
The foot position P associated with body trajectory is 
estimated by following steps. First, N

i∏ which is the 
description of Pi in SN is estimated and transformed 
to j

i∏  (i=1 for j=3,4 and i=2 for j=1,2)which is 
description of N

i∏  each leg frame in Eq. (2). With 
applying foot position determination algorithm to 

j
i∏ , j

jP , jth foot position, is determined in SLj. By 

Eq. (2), N
jP  is estimated from j

jP  and finally 

jP is found by transforming N
jP  into SB. 

 
4. SIMULATION 

 
The proposed algorithm is tested by simulation with 
parameters of MRWALLINSPECT III. The 
simulation is carried out to two case. One is the going 
up hill with 35 degree slope and the other is the going 
down the hill. In both cases, concave and convex 
transition gait are performed sequentially. Fig. 12 and 
13 show concave and convex transition of going up 
hill respectively. In Side 3 of Fig. 13, it is observed 
with attention whether the bottom of robot body 
collides with boundary edge of Pf which is displayed 
as the lower plain. Fig. 14 and 15 show convex and 
concave transition of going down hill respectively. 
Needless to say, it is observed with attention whether 
the bottom of robot body collides with boundary 
edge of Pf which is displayed as the lower plain in 
Side 3 of Fig. 14. Consequently, the bottom of body 

and the boundary edge of convex slope are not 
collide with by applying condition of hm in Eq. (22). 

 
Fig. 12. Go up concave slope 

 

 
Fig. 13. Go up convex slope 

 

 
Fig. 14. Go down convex slope 

 

 
Fig. 15. Go down concave slope 

 
5. EXPERIMENT 

 
In this work, the validity of the proposed algorithms 
has been demonstrated through some experiments     
using a walking robot, called MRWALLSPECT III 
[13]. MRWALLSPECT III had been developed for 
walking and climbing in three dimensional 
unstructured environment. The climbing over a slope 
with concave corner was tested as shown in Fig. 16. 
When the robot moves up or down on the slope, 
tumbling of the robot and slipping of the legs should 
be avoided. However, in the case of the walking 
robot with suction pads, these problems may be 
neglected because the legs always have adhesive 



forces between the ground and the legs. The step 1 of 
Fig. 16 shows the approach process for     
transition gait in slope environment. In this case, the  
 

 
Fig. 16. Concave transition gait in 35 degrees slope 

 
slope angle measured was an approximately 35o . 
And, the step 2 and step 3 are describe the transition 
in concave corner. In the last step, robot climbs  the 
slope with plain surface using climbing gait. 
 

6. CONCLUSION 
 
In this paper, we proposed the transition gait 
algorithm for quadruped robot to negotiate boundary 
region between two plains. First we determine body 
trajectory in which robot body has to trace and 
suggest method to determine foot position associated 
with the body trajectory in terms of robot frame. Also, 
we explain the possibility condition of convex 
transition gait. The proposed algorithm is     
simulated successfully. And the experience with 
MRWALLSPECT III is tested successfully. The 
robot movement is smooth during gait. Our     
next subject is to define robot moving quantity 
associated with workspace of robot leg. 
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