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ABSTRACT 
As building structures frequently collapse and cause losses of lives and properties, due to excessive 
vibrations induced during earthquake periods, it is crucial to reduce the structural vibrations. This paper 
develops a Lyapunov-based controller for Magnetorheological (MR) dampers embedded in building 
structures to mitigate quake-induced vibrations. In this work, MR dampers are used as semi-active 
devices, taking the advantages of the fail-safe operation and low power requirement. To enhance the 
system performance, a Lyapunov-based controller is proposed here for direct control of the supply 
currents of the MR dampers placed in a multi-storey building. The effectiveness of the proposed 
technique is verified in simulation by using a ten-storey building model subject to quake-like excitations. 
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1. INTRODUCTION  
There has been a large amount of research effort 
devoted to the development in building and civil 
infra-structure control. The ultimate objective is 
the suppression of earthquake induced vibrations 
or dynamic loading as of wind or heavy traffic  [1]. 
In the review conducted therein, control 
methodologies applied in buildings are broadly 
classified into the active [2] and semi-active [3] 
categories. The former techniques require a certain 
amount of energy to drive the actuators to 
accomplish the control objective. On the other 
hand, semi-active control requires a relatively 
small amount of driving power and the actuators 
can also be operated in passive mode. The 
philosophy adopted in these approaches is to 
effectively absorb the vibration energy by 
modifying the control device characteristics. The 
control devices include fluid viscous, 
electrorheological (ER) and magnetorheological 
(MR) dampers. In [4], a comparison was 
conducted on the efficiency and performance of 

approaches using semi-active against active tuned 
mass dampers for building control. 

The ER and MR dampers are popular devices in 
semi-active building control. In essence, they are 
equivalent in construction to conventional 
hydraulic dampers except that the characteristics of 
the fluids can be altered upon the application of 
currents induced magnetic fields. Although these 
devices are analogies to each other, the MR 
damper [5] requires lower voltage which is very 
attractive for safety and practical reasons. Owing 
to this advantage, the MR damper is being 
increasingly employed in vehicle suspension 
applications [6] where high voltage supplies are 
not available. In the building control paradigm, the 
MR damper has also been applied in the passive 
mode [7] and brace configuration [8]. 

A recent survey of MR damper controller designs 
for building control has been published including 
designs based on Lyapunov stability, decentralised 
bang-bang, maximum energy dissipation, 
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modulated homogeneous and clipped-optimal 
control [9] [10]. 

In the later approach, the value of the desired force 
is derived by a linear-quadratic-Gaussian (LQG) 
controller and a secondary current-control loop is 
used to derive the appropriate current supplied to 
the MR damper. All these controllers are affected 
via the damping force instead of directly 
controlling the current supplied to the MR damper. 

In this work, a Lyapunov-based control strategy 
will be proposed with the objective to minimise an 
internal energy function by forcing its time rate of 
change to be as negative as possible, see, e.g. [11] 
for structural control with ER materials. For 
building control with MR dampers, unlike [12], 
where the MR dampers were characterised by a 
well-known dynamic friction model, here a 
current-input model describing explicitly the 
damper force-velocity relationship [13] is used for 
direct control of the magnetization currents of the 
dampers, embedded in a general ten-storey 
building model. To counteract the force-offset 
problem for a single damper, a differential 
configuration is also proposed. 

The remainder of the paper is organised as follows. 
In Section 2, the building structure together with 
the damper configuration is described. The 
current-inputs state-space model of the system and 
the design of the proposed Lyapunov-based 
controller are presented in Section 3. Simulation 
results are given in Section 4 to verify the 
effectiveness of the proposed approach. Finally, a 
conclusion is drawn in Section 5. 

2. SYSTEM DESCRIPTION 
2.1  Equation of Motion 
Consider a building model subject to vibration 
under the influence of the ground 
excitation gx&& during an earthquake. Let vibrational 

displacements of the storeys, px , 
,,...1 np = and n is the number of storeys, be 

assigned the positive polarity from left-to-right. 
Each storey has respectively mass pm , viscous 

damping coefficient pc and the stiffness 

coefficient pk . These variables are lumped into 

corresponding matrices M , C and K . The motion 
of the building structure can be described by 

gxf &&&&& MΛΓKxxCxM +=++ , (1) 

where x&& is the storey acceleration, x& is the velocity 
and f is the overall force generated by the 

dampers. Matrix [ ]T0...01−=Γ  is the gain 
matrix determining the control effect on the 
building, and [ ]T1...1=Λ  is a distribution 
matrix showing the effect of earthquake 
acceleration. The equation can be further rewritten 
in the state-space form by defining a system 

state [ ]TTT xxy &= and is given as 

000 EByAy ++= f& , (2) 
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Where 0A is the system matrix, 0B is the gain 
matrix and 0E is the disturbances. 

2.2  MR Damper Model 
The MR damper is fabricated similarly to a 
conventional hydraulic damper, i.e., with a moving 
piston and hydraulic fluid contained in a cylinder. 
A drawback of damper is non-linear and hysteretic 
response between the force-displacement and 
force-velocity relationships. Various models have 
been proposed to represent the hysteretic 
behaviour of the MR damper [14][15]. To simplify 
the design for direct control of the current supplied 
to the dampers, a static hysteresis model [13] is 
used in this paper. Accordingly, the damper force 
generated by damper j is given by 

( )( )djjdjjdj

jdjdjdjdjdjdji

xsignxz

gzxkxcf

δβ

α

+=

+++=

&

&

tanh
, (3) 

where the values of damper parameters 
, , , , , jjdjdjdj gkc βα depend explicitly on the 

supplied damper current. The relationships 
between these parameters and the supplied current 
can be approximated by first- or second-order 
polynomials. 
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It is also noticed that due to the need of sufficient 
travelling strokes to accommodate the frame 
movement, the dampers have to be connected to 
the frame in their compressed state. Hence, offset 
damper forces are produced and may further 
complicate the controller design. In the sequel, a 
differential configuration is used to counteract the 
offset forces as shown in Fig 1. 

 
Figure 1 Differential Configuration 

Implementation of MR Dampers 

3. CONTROLLER DESIGN 
3.1 State-space Model with Current Input 
In the direct control approach proposed in this 
work, it is assumed that the differential damper 
configuration is installed on the first storey. The 
corresponding motion equation, e.g., for the first 
storey, can be rewritten as below to incorporate the 
damper current by noting: 
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where 1m , 1c and 1k represent respectively the 
mass, damping and stiffness of the first storey. By 

defining the system state [ ]TTT xxy &= , control 
current input i and using (4), the state-space 
equation for the building structure with identical 
MR dampers installed on the first storey can be 
written as 

EBAyy ++= i& ,  (5) 
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with all elements of K and C remaining the same 
as of K and C in (1), except 11111 dkKK += , and 

11111 dcCC += , respectively. 

3.2 Lyapunov-based Control Design 
Consider the Lyapunov function candidate 

,PyyTV =  (6) 
where 0=V , if and only if 0=y , 0>V , 0≠∀y , 
and P is a positive definite symmetric matrix to be 
determined. Now taking the time derivative of 
V gives 
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where ,0 ,for  >=−=+ QQQQPAPA TT is the 
Lyapunov equation where matrix P is the solution 
with a given matrix Q . Furthermore, the choice of 
matrix Q can be determined by assigning the rate 
of decrease of the Lyapunov functionV . In 

addition, using the inequality 2
min yQyy λ≥T , 

where minλ is the minimum eigenvalue of Q , one 
has 

( )EBPyy ++−< iV T22
minλ&                      (8) 

By choosing Q as an identity matrix, i.e., IQ = , 
then 1min =λ and the Lyapunov derivative can be 
expressed as 

( )EBPyy ++−< iV T22&                              (9) 
In order to obtain a stable system, it is suggested 
by the Lyapunov stability theory that the derivative 
should be negative [16], i.e., 0<V& . To satisfy the 
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requirement of a stable system, an analytical form 
of the supplied current i can be chosen or it can be 
cast as an optimization problem of searching for a 
suitable current value [ ]max,0 ii∈ to minimize the 
Lyapunov function derivative (7). 

( )
max0 ;0 :s.t.

, :minimize

iiV

iV

≤≤<&

& y
                                  (10) 

For this, to minimise the Lyapunov function 
derivative, an exhaustive search is conducted on all 
feasible control current values [ ]max,0 iiq ∈ with 
some user-specified current precision, where 

Nq ,...1= and N is the number of feasible currents 
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4. RESULTS 
4.1 System Setup 
In the following, for the sake of simulations, a ten-
storey building model is used and embedded with 
one pair of identical MR dampers placed on the 
first storey, with the parameters of the dampers 
given in [13]. Therefore, building model 
parameters are given as 
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4.2 Controlled Responses 
Simulations are conducted on the MATLAB 
platform using the forth-order Runge-Kutta routine 
to solve the system differential equation (5) for 
benchmark records of El-Centro earthquake scaled 
by 0.5. Fig. 3 shows time responses of the derived 
current, damping force, Lyapunov function 
derivative. First storey displacement, velocity and 
acceleration are also illustrated. 

The scaled earthquake record, shown in Fig. 3(a), 
exhibits a peak approximately at 1.7m / s2 and 
endures 30s. The applied damper current is 
illustrated in Fig. 3(b) which is always positive and 
smaller than Ai 2max =  as required. Fig. 3(c) 
depicts the force generated from dampers and 

presents a resemble of the earthquake. The 
Lyapunov function derivative is shown in Fig. 3(d) 
indicating the system stability in most of the 
earthquake period except where the magnitude is 
too large. However, the derivative returns to 
negative and the building structure under control 
becomes stable. The first storey displacement, 
velocity and acceleration are shown in Fig. 3(e). 
The responses (solid lines) display reductions in 
displacement, velocity and acceleration as 
compared to the no control responses (dotted 
lines). As can be seen from Fig. 3(e) that by using 
the proposed Lyapunov-based control, the 
reduction in quake-induced displacement is 
remarkable compared to that from no control. 

4.3 Evaluation Criteria 
The effectiveness on reductions in earthquake 
induced vibrations on the building structure is 
further evaluated by a set of performance indices 
comparing the control response against the results 
obtained from an un-controlled case. The criteria, 
adopted from [10], encompass ratios of storey 
displacements and accelerations. They are 
formulated as follows: 

1. Absolute storey displacement ratio 

( ){ }
( ){ }tx
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J
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,

,
1

max

max
=  (13) 

where the subscript 10...1=k stands for the storey 
index and subscripts uc, denote controlled and un-
controlled displacement. 

2. Absolute storey acceleration ratio 
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where the notation x&& presents the storey 
acceleration. 

3. Inter-storey drift ratio 

( ){ }
( ){ }tx
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,

,
3 max

max
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where the inter-storey displacement is given by 
,11 xx = .11 −> −= kkk xxx  
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4. Root-mean-squared storey displacement ratio 

( )
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,
4 ~
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where the root-mean-square (RMS) values are 

calculated from ( ){ },~ 21∑−= txTx ktδ tδ is the 

sampling time and T is the total excitation 
duration. 

5. RMS storey acceleration ratio 

( )
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J
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,
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~

&&

&&
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where the RMS values are calculated as above. 

Table 1 Response ratios: (a) Current 0=i ;        
(b) Current Generated from Lyapunov-Based 

Controller

 
Comparisons of evaluation criteria between the 
passive mode ( )0=i and semi-active mode (the 
proposed Lyapunov-based controller) are provided 
in the Table above, as can be seen from the table, 
all the corresponding ratios with Lyapunov-based 

controller are much smaller than that with no 
control ( )0=i  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Figure 3 El-Centro Responses: (a) Earthquake 
Record, (b) Current, (c) Damper Force,  

(d) Lyapunov Function Derivative, (e) 1st Storey 
Displacements, Velocity and Accelerations 
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5. CONCLUSION 
This paper has presented an effective semi-active 
control approach for building structures embedded 
with MR dampers for mitigation of the vibrations 
induced from seismic excitations. Furthermore, a 
Lypunov-based controller is designed such that the 
supplied currents to the dampers can be directly 
controlled for improved performance, making use 
of a static hysteretic model for MR dampers. 
Promising results obtained indicate the prospective 
use of MR dampers as semi-active devices in smart 
structures in quake-prone regions. 
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