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Abstract -
Modeling the tower crane as a double pendulum dynamic

system introduces complexities in control considerations. To
tackle this challenge, this paper presents a time-polynomial-
based trajectory generation method. This method enables
the reconstruction of direct commands and employs high-
order fitting to align with various control constraints. The
differential solutions of the swing angles, obtained from the
linearized dynamic equations, can be minimized as the trol-
ley completes its movement. Additionally, the trajectory is
optimized based on time considerations to ensure the most
efficient path while adhering to the safety limitations of the
tower crane. With the proposed method, the trajectory curve
of the trolley is a high-order polynomial with all the coef-
ficients related to the system parameters, which makes the
trajectory applicable against the change in the system param-
eters. Based on the trolley actuator output, the function of the
swing angles could be derived as the feedback reference line
to make the proposed control method robust against external
disturbance. The efficacy of the proposed method is validated
through real-scale simulations and compared to existing ap-
proaches, including linear quadratic regulator (LQR) and
another published CTP method, demonstrating its good con-
trol performance.

Keywords -
Tower crane; Double pendulum; Time-based polynomial;

Trajectory planning

1 Introduction
With the ongoing transformation and advancement of

the construction industry, the utilization of Modular In-
tegrated Construction (MiC) is steadily growing. MiC’s
factory-based prefabrication has streamlined on-site con-
struction processes, enhanced construction efficiency and
promoted standardized construction practices, thereby en-
suring superior construction quality [1]. However, the
installation sequence of prefabricated modules is prede-
termined [2], and their size and weight bring heightened
transportation requirements at the construction site, with
its expenses remaining consistently elevated [3].

Figure 1. MiC and tower crane.

Tower cranes are widely used in construction sites for
transporting large-sized objects, whose slight vibrations
could be capable of causing significant accidents, thereby
emphasizing the importance of advanced control methods.
To achieve more precise control in such scenarios, it is
necessary to establish an elaborate numerical model that
represents a double pendulum structure. However, the
complexity of the double pendulum structure poses greater
demands on the design of the controller [4].

Over the past decades, numerous control theories have
been proposed to regulate tower crane transportation and
reduce angle swing. Feedback control systems, such as
model predictive control [5], [6], sliding mode control [4],
[7], [8], adaptive control [9], [10], neural network control
[11], [12], and neural network control have shown effec-
tiveness in mitigating external disturbances. However, the
double pendulum tower crane system could be approxi-
mately modeled as the combination of two unidirectional
systems, characterized as two single input multiple output
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models. However, it is challenging to achieve coupling
control effects across multiple outputs. Especially in real-
scale models, the magnitude of displacement command
changes is significantly greater than that of angle changes.
Since the feedback compensations are calculated based on
the differences between the desired states and actual states,
the proportions of compensation are supposed to be small
for positioning and large for angles. However, when the
position of the trolley is close to the desired position, the
small gain for the trolley error makes the positioning dif-
ficult.

Comparatively, open-loop control systems, including
techniques like smooth shaping [13], input shaping [14],
and trajectory planning [15], may exhibit lower robustness
to external disturbances. However, these control methods
consider the motor’s output limitations and aim to achieve
the desired state through relatively smooth control signals.
By incorporating the output constraints of the motor, these
control systems aim to ensure the system operates within
the allowed limits and reaches the desired state in a con-
trolled manner. In addition, open-loop control methods
are not dependent on feedback signals from sensors, mak-
ing them immune to delays in signal reception. This is
particularly advantageous for systems with multiple con-
trol considerations. The primary concern only lies in the
complexity of calculating the output based on the physical
model.

Recently, Li et.al [16] published a time-polynomial-
based trajectory planning method for double pendulum
tower cranes. After mathematical transformation, the co-
efficients of the trajectory polynomial are in constant form
according to a scaled-down model. However, the calcula-
tion basis is the linearized equations, which would cause
the superposition of error. Besides, the trajectory proposed
in the study is a polynomial curve with all the coefficients
as constant. Besides, the simulation only contains the sit-
uations in which the lengths and masses are little changed.
The proposed polynomial trajectory is not applicable to
control the real-scale system.

While previous research on tower crane control has been
discussed, there are still some limitations that need to be
addressed: (a) Many existing models in the literature fail to
address the control of real-size tower crane double pendu-
lums adequately. This is primarily due to the difficulty in
achieving a balance with single input feedback compensa-
tion control for larger-sized models. (b) The approximate
derivation of mathematics from linearized equations is
less accurate and may not be applicable when there are
significant changes in the system characteristics.

This article proposes a tower crane control method
based on polynomial solving of differential equations.
Firstly, the linearized differential equation system for con-
trolling the swing angle of the tower crane is derived based

𝑥

𝑧

𝑂 Trolley

Hook

MiC

𝜃1

𝜃2

Figure 2. Depicted diagram for the model coordinate

on the physical model. Subsequently, the mathematical
characteristics of the differential equation system are uti-
lized to directly fit a polynomial of the corresponding order
to reduce the errors, obtaining an appropriate motor out-
put curve to achieve the desired control objective. Finally,
through a true-size simulation model that contains satura-
tion on trolley acceleration and velocity, the control effects
of the proposed scheme on key elements are compared
with those of other traditional controllers. Therefore, the
following advantages are summarized:

(a) The controller exhibits good control performance for
the desired endpoint state, resulting in minimal sim-
ulation error.

(b) This control method reduces the influence caused
by the disparity in control weights for single-input
multiple-output systems and achieves synchronous
convergence control on multiple modules towards the
endpoint state with the shortest time usage.

(c) This control method imposes fewer performance re-
quirements on the motor, ensuring smooth changes
in jerk, acceleration, and speed throughout the entire
process, which facilitates motor control and tracking.

2 Methodology

In this research, the trajectory control derivation is
started from a single-degree-of-freedom (1 DOF) tower
crane. With all the objects given coordinates, the dynam-
ics model is derived and linearized, and the trajectory of
the trolley is calculated to fulfill all the control constraints.
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Table 1. Tower crane parameters
Parameter Parameter explanation Units

𝑀1 Mass of the hook 𝑘𝑔

𝑀2 Mass of the payload 𝑘𝑔

𝐿1 Length of the hoisting rope 𝑚

𝐿2 Length of the rigging cable 𝑚

𝑅 The position of the trolley 𝑚

𝑔 Gravity constant 𝑚/𝑠2

𝜃1 Hook swing angle 𝑟𝑎𝑑

𝜃2 Payload swing angle 𝑟𝑎𝑑

2.1 Dynamic modeling

In Figure 2, the depicted diagram showcases the ideal
setup of a 1 DOF tower crane and its associated mathe-
matical coordinate system. Table 1 provides an overview
of the pertinent parameters that define the tower crane
model. The Lagrangian method is used to derive the dy-
namics equation from the tower crane model. As shown
in Figure 2, the position vectors of the two objects are:

𝑑1 = (𝑅 + 𝐿1 𝑠𝑖𝑛𝜃1 ) 𝑖𝑥 − (𝐿1 𝑐𝑜𝑠𝜃1 ) 𝑖𝑧; (1)

𝑑2 = (𝑅+𝐿1𝑠𝑖𝑛𝜃1+𝐿2𝑠𝑖𝑛𝜃2)𝑖𝑥−(𝐿1𝑐𝑜𝑠𝜃1 + 𝐿2𝑐𝑜𝑠𝜃2) 𝑖𝑧 .
(2)

The Lagrangian value (𝐿) could be derived by the dif-
ference between kinetic energy (𝐾𝐸) and potential energy
(𝑃𝐸), where 𝐾𝐸 and 𝑃𝐸 and are computed as follows:

𝐾𝐸 =
1
2
𝑀1 < ¤𝑑1, ¤𝑑1 > +1

2
𝑀2 < ¤𝑑2, ¤𝑑2 >; (3)

𝑃𝐸 = −𝑀1𝑔𝐿1𝑐𝑜𝑠𝜃1 − 𝑀2𝑔 (𝐿1𝑐𝑜𝑠𝜃1 + 𝐿2𝑐𝑜𝑠𝜃2) . (4)

The Lagrangian equations based on the two swing angles
are:

𝑑

𝑑𝑡

(
𝛿𝐿

𝛿 ¤𝜃1

)
− 𝛿𝐿

𝛿𝜃1
= 0; (5)

𝑑

𝑑𝑡

(
𝛿𝐿

𝛿 ¤𝜃2

)
− 𝛿𝐿

𝛿𝜃2
= 0. (6)

The simplified equations are:

0 = 𝐿1 (𝑀1 + 𝑀2) ¥𝜃1 + (𝑀1 + 𝑀2) cos 𝜃1 ¥𝑅
−(𝑀1 + 𝑀2)𝑔 sin 𝜃1 + 𝐿2𝑀2 sin(𝜃1 − 𝜃2) ¤𝜃2

2

+𝐿2𝑀2 cos(𝜃1 − 𝜃2) ¥𝜃2; (7)
0 = 𝐿2 ¥𝜃2 + cos 𝜃2 ¥𝑅 − 𝑔 sin 𝜃2

−𝐿1 sin(𝜃1 − 𝜃2) ¤𝜃1
2 + 𝐿1 cos(𝜃1 − 𝜃2) ¥𝜃1. (8)

The linearized dynamics equations are:

0 = 𝐿1 (𝑀1 + 𝑀2) ¥𝜃1 + (𝑀1 + 𝑀2) ¥𝑅
−(𝑀1 + 𝑀2)𝑔𝜃1 + 𝐿2𝑀2 ¥𝜃2; (9)

0 = 𝐿2 ¥𝜃2 + ¥𝑅 − 𝑔𝜃2 + 𝐿1 ¥𝜃1. (10)

2.2 Control objective

When following the command of a movement, the trol-
ley is proposed to be controlled to the desired position.
To derive the trajectory of the trolley, the initial and final
target state of the trolley should satisfy the following con-
straints related to its jerks, accelerations, velocities, and
positions:

𝑅(0) = 𝑅0; ¤𝑅(0) = 0; ¥𝑅(0) = 0; 𝑅(0) = 0. (11)
𝑅(𝑇 𝑓 ) = 𝑅𝑑; ¤𝑅(𝑇 𝑓 ) = 0; ¥𝑅(𝑇 𝑓 ) = 0; 𝑅(𝑇 𝑓 ) = 0. (12)

where 𝑇 𝑓 is the transportation time, and 𝑅𝑑 is the target
position.

In addition, the swing angles at the end state are pro-
posed to be controlled. The target state of the orientation
of the hook and MiC should be as follows:

𝜃1 (𝑇 𝑓 ) = 0; ¤𝜃1 (𝑇 𝑓 ) = 0; 𝜃2 (𝑇 𝑓 ) = 0; ¤𝜃2 (𝑇 𝑓 ) = 0. (13)

Since the motor output has its physical limitations, dur-
ing the motion, the jerk, acceleration, velocity, and posi-
tion are limited under the safety values:

|𝑅(𝑡) | ≤ 𝐽𝑚𝑎𝑥 ; | ¥𝑅(𝑡) | ≤ 𝐴𝑚𝑎𝑥 ; | ¤𝑅(𝑡) | ≤ 𝑉𝑚𝑎𝑥 . (14)

The two angles are also limited to safety values:

|𝜃1 (𝑡) | ≤ 𝜃1𝑚𝑎𝑥 ; |𝜃2 (𝑡) | ≤ 𝜃2𝑚𝑎𝑥 . (15)

2.3 Polynomial planning

The initial orientation and its derivative of the hook
and MiC are listed in equations (16). The trajectory of
the system is formulated as a time-polynomial with 16
coefficients as illustrated in (17), such that it has a unique
solution to the 16 equations of constraint mentioned in
(11), (12), (13), and (16).

𝜃1 (0) = 0; ¤𝜃1 (0) = 0; 𝜃2 (0) = 0; ¤𝜃2 (0) = 0. (16)

𝑅(𝑡) =
15∑︁
𝑖=0

𝑘𝑟𝑖 · 𝜏𝑖 · (𝑅𝑑 − 𝑅0) + 𝑅0. (17)

where 𝑘𝑟0, 𝑘𝑟1, . . . 𝑘𝑟15 are the coefficients to be derived
by the control requirements. 𝜏 = 𝑡/𝑡 𝑓 to find the most
efficient transportation time.

Substituting (11) into equation (17), we get:

𝑘𝑟0 = 𝑘𝑟1 = 𝑘𝑟2 = 𝑘𝑟3 = 0. (18)

For the identities (9) and (10) to hold for any time t, the
coefficients of the same order of t should sum up to zero
for all t orders. According to the set-up form (17), the
second derivative of 𝑅 has up to 13𝑡ℎ order of 𝑡, thus 𝜃1
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and 𝜃2 should be formulated as time-polynomials of 13𝑡ℎ
order as well as illustrated in (19) and (20), such that they
can act as counter terms to eliminate the 13𝑡ℎ order terms
from ¥𝑅.

𝜃1 (𝑡) =
13∑︁
𝑖=0

𝛼𝑟𝑖 · 𝜏𝑖 , (19)

𝜃2 (𝑡) =
13∑︁
𝑖=0

𝛽𝑟𝑖 · 𝜏𝑖 , (20)

where 𝛼0, 𝛼1, . . . 𝛼13 and 𝛽0, 𝛽1, . . . 𝛽13 are the coeffi-
cients to be derived from (9) and (10).

By comparing the coefficient of the 0𝑡ℎ to 13𝑡ℎ order
terms in the identities (9) and (10), 14 equations are ob-
tained from each identity, and a total of 28 equations are
set for the 28 variables 𝛼 and 𝛽. By rearranging the equa-
tions in terms of 𝛼 and 𝛽, the 28 equations can expressed
in matrix forms as follows:

𝐴 · [𝛼0, 𝛼1, . . . , 𝛼13, 𝛽0, 𝛽1, . . . , 𝛽13]𝑇 − 𝐶 = 0.
(21)

where 𝐴 ∈ R28×28 is the coefficients matrix of 𝛼 and 𝛽,
and 𝐶 ∈ R28×1 is the constant terms from the equations.

From equation (21), the vector of variables 𝛼 and 𝛽

could be derived by the inverse of matrix A multiplies
matrix C. 𝜃1 (𝑡) and 𝜃2 (𝑡) could thus be expressed only by
the known parameters and the function 𝑅(𝑡).

After obtaining the expression of 𝜃1 (𝑡) and 𝜃2 (𝑡), 12
equations can be obtained by substituting the expressions
(17) and (18) into the constraints (12), (13) and (16). The
12 equations can be expressed in matrix form as follows:

𝐷 (𝑇 𝑓 , 𝑀1, 𝑀2, 𝐿1, 𝐿2, 𝑔) · 𝐾 = 𝐹. (22)

Where 𝐷 ∈ R12×12 is the coefficients matrix for
𝑘𝑟 , 𝐾 is the vector of 𝑘𝑟4 to 𝑘𝑟15, and 𝐹 =

[1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]𝑇 .
Similarly, matrix 𝐾 could be derived by the inverse of

matrix 𝐷 multiplies 𝐹, such that 𝑘𝑟4, 𝑘𝑟5, . . . 𝑘𝑟15 are
expressed only by known constant parameters and the vari-
able 𝑇 𝑓 . The derived trajectory function 𝑅(𝑡) is simplified
as:

𝑅(𝑡) =
15∑︁
𝑖=4

𝐾𝑟𝑖 · 𝜏𝑖 · (𝑅𝑑 − 𝑅0) + 𝑅0. (23)

where:
𝐾𝑟4 =

10810800𝑀1𝐿1𝐿2
(𝑀1+𝑀2 )𝑔2𝑇4

𝑓

;𝐾𝑟5 = − 121080960𝑀1𝐿1𝐿2
(𝑀1+𝑀2 )𝑔2𝑇4

𝑓

;

𝐾𝑟6 =
544864320𝑀1𝐿1𝐿2
(𝑀1+𝑀2 )𝑔2𝑇4

𝑓

− 360360(𝐿1+𝐿2 )
𝑔𝑇2

𝑓

;

𝐾𝑟7 = − 1297296000𝑀1𝐿1𝐿2
(𝑀1+𝑀2 )𝑔2𝑇4

𝑓

+ 2882880(𝐿1+𝐿2 )
𝑔𝑇2

𝑓

;

𝐾𝑟8 = 6435 + 1783782000𝑀1𝐿1𝐿2
(𝑀1+𝑀2 )𝑔2𝑇4

𝑓

− 9729720(𝐿1+𝐿2 )
𝑔𝑇2

𝑓

;

𝐾𝑟9 = −40040 − 1427025600𝑀1𝐿1𝐿2
(𝑀1+𝑀2 )𝑔2𝑇4

𝑓

+ 18018000(𝐿1+𝐿2 )
𝑔𝑇2

𝑓

;

𝐾𝑟10 = 108108 + 618377760𝑀1𝐿1𝐿2
(𝑀1+𝑀2 )𝑔2𝑇4

𝑓

− 19819800(𝐿1+𝐿2 )
𝑔𝑇2

𝑓

;

𝐾𝑟11 = −163800 − 112432320𝑀1𝐿1𝐿2
(𝑀1+𝑀2 )𝑔2𝑇4

𝑓

+ 12972960(𝐿1+𝐿2 )
𝑔𝑇2

𝑓

;

𝐾𝑟12 = 150150 − 4684680(𝐿1+𝐿2 )
𝑔𝑇2

𝑓

;

𝐾𝑟13 = −83160 + 720720(𝐿1+𝐿2 )
𝑔𝑇2

𝑓

;
𝐾𝑟14 = 25740;𝐾𝑟15 = −3432.

2.4 Time optimization

The minimum 𝑇 𝑓 satisfying (14) and (15) is found by
the bisection method which is similar to [15]. After 𝑇𝐹
is found, all unknowns except the time variable (𝑡) in the
trajectory function (23) are solved, and the trajectory of the
trolley is fully determined while satisfying all constraints
and safety limits mentioned. The polynomial function of
the swing angles could also be derived.

3 Simulation

This section is conducted using Simulink in MAT-
LAB. The section comprises two parts aimed at verify-
ing the effectiveness of the proposed method. Section 3.1
demonstrates the accuracy of the proposed method under
several situations. Section 3.2 shows the robustness of
the proposed method against external disturbance. The
below simulation is run with the gravitational constant
𝑔 = −9.81𝑚/𝑠2 and a control frequency of 20Hz. The
system parameters and the constraints are set as in Table
2.

Table 2. Simulation setup values
Parameter Parameter explanation Values

𝑀1 Mass of the hook 200𝑘𝑔
𝑀2 Mass of the payload 1000𝑘𝑔
𝐿1 Length of the hoisting rope 30𝑚
𝐿2 Length of the rigging cable 5𝑚
𝐽𝑚𝑎𝑥 Upper limit of jerk 1𝑚/𝑠3

𝐴𝑚𝑎𝑥 Upper limit of acceleration 0.1𝑚/𝑠2

𝑉𝑚𝑎𝑥 Upper limit of velocity 0.5𝑚/𝑠
𝜃1𝑚𝑎𝑥 The upper limit of 𝜃1 1𝑑𝑒𝑔
𝜃2𝑚𝑎𝑥 The upper limit of 𝜃2 1𝑑𝑒𝑔
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(a)

(b)

(c)

Figure 3. (a) Simulation results for the swing angle
of hook (𝜃1) and the payload swing angle (𝜃2); (b)
Theoretical values of the hook swing angle (𝜃1) and
the payload swing angle (𝜃2); (c) The target acceler-
ation and position of the trolley.

3.1 Accuracy verification

To prove the accuracy of the polynomial functions for
trolley and swing angles, a movement command is set
that the trolley moves from the position 5𝑚 to 10𝑚. The
corresponding simulation results are shown in Figure 3.

Based on the figure, it can be observed that the proposed
method could execute the position-changing command.
The swing angles produced by the simulation environment
and the ones calculated from the polynomial functions are
quite similar.

3.2 Comparison controller simulation

The proposed method is also tested in the simulation
environment with external disturbance. The polynomial
function of the trolley and swing angles are used as feed-
back reference lines, and the linear quadratic regulator
(LQR) is used to compensate the system errors. It is com-
pared to the same LQR, which follows the reference lines
that the angles are supposed to be zero, and composite
trajectory planning (CTP) [17] methods to show the per-

formance. The below part shows the simple derivation of
LQR and the output of CTP.

(a)

(b)

(c)

(d)

Figure 4. Simulation results for (a) the hook swing
angle (𝜃1), (b) the payload swing angle (𝜃2), (c) the
trolley position 𝑅, and (d) the trolley acceleration ¥𝑅
of different controllers.

Based on (9) and (10), the linearized expressions of the
two angles could be derived. The state matrix of LQR is
thus:

𝑠 = [𝜃1; ¤𝜃1; 𝜃2; ¤𝜃2; 𝑅; ¤𝑅]; (24)
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The cost function is:

𝐽 =

∫ ∞

0
((𝑠 − 𝑠𝑑𝑒𝑠)𝑇𝑄(𝑠 − 𝑠𝑑𝑒𝑠) +𝑊𝑢2). (25)

Where 𝑢 = ¥𝑅, 𝑄 = 𝑑𝑖𝑎𝑔[240, 48000, 40, 8000, 5, 100]
and 𝑊 = 1. The gain matrix of 𝐾 is calculated by MAT-
LAB to be:

𝐾 = [−414.85, −21.95, 279.72, 17.89, 2.24, 12.89] .

An existing CTP controller gives the output of the trolley
as [17]:

¥𝑅 =


2𝜋(𝑅𝑑 − 𝑅0) (𝑠𝑖𝑛(2𝜋𝑡/𝑇𝑠))/𝑇2

𝑠

+𝑘𝑟 ((𝑀1 + 𝑀2)𝐿1 ¤𝜃1 + 𝑀2𝐿2 ¤𝜃2),
+𝑘𝑟 ((𝑀1 + 𝑀2)𝐿1 ¤𝜃1 + 𝑀2𝐿2 ¤𝜃2),

0<𝑡<𝑇𝑠 .
𝑡 ≥ 𝑇𝑠 .

Where𝑇𝑠 is calculated to be 17.7𝑠 from the acceleration
limitation.

The proposed method will use the above LQR con-
troller to follow the polynomial lines. The LQR compari-
son will follow the bang-coast-bang acceleration command
and zero angle line. The feedback loop of the CTP method
is also enhanced with the LQR controller above. To make
the acceleration output accessible for the actuator, the sim-
ulation is run with saturation of trolley acceleration and
velocity.

As shown in Figure 4, the corresponding simulation
results under external disturbance are presented for com-
parison, which contains the swing angles, trolley position,
and the corresponding accelerations. In addition, the key
control indicators are listed in Table 3, where 𝑇 𝑓 is the
time after the trolley position error is less than 0.02m, and
𝐸𝜃1 and 𝐸𝜃2 are the largest angle errors after 25𝑠.

Table 3. Quantified comparable results
Method 𝑇 𝑓 𝜃1𝑚𝑎𝑥 𝜃2𝑚𝑎𝑥 𝐸𝜃1 𝐸𝜃2

Prop. 28.7 1.37 1.37 0.06 0.06
LQR 39.8 1.58 1.58 0.25 0.25
CTP 40.0 1.40 1.40 0.21 0.21

Based on the figure and table, it can be observed that all
three methods are capable of executing position-changing
commands. The proposed method uses the shortest time
to achieve the desired trolley position and the angle reduc-
tion. The maximum value of the angle during the whole
progress is also the smallest. In trolley positioning, both
LQR and CTP suffer from overshoot and require additional
time to settle at the desired position. Besides, LQR and
CTP have lower angle reduction than the proposed method.
At the same time, the angle errors of the proposed method

at a certain time are smaller than the other two methods. In
addition, the proposed acceleration of the motor is much
smoother than LQR and CTP. The output curve would be
easier to follow.

4 Conclusion
This paper introduces a trajectory planning method

based on a position change request. A double pendulum
system model is developed using the Lagrangian method,
and a time-polynomial-based trajectory is derived. This
trajectory minimizes the swing angles at the end state while
simultaneously satisfying the actuator constraints (trolley
jerk, acceleration, and velocity) for the entire progress.
The controller exhibits remarkable performance in differ-
ent simulated environments. Future research directions
involve enhancing the degrees of freedom in the tower
crane model to simulate real-world conditions better. It is
important to note that incorporating trolley motion with
jib rotation introduces additional nonlinear superposition
terms, which may introduce inaccuracies during the lin-
earization process. Additionally, to use 3D models in our
future work, the integration of polynomial path planning
for simultaneous control and obstacle avoidance could be
explored. This comprehensive approach would offer a
holistic solution for managing complex operational sce-
narios.
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